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a b s t r a c t
In this paper we study a localized nonlinear diffusion equation ut = ∆um + λ1up +
λ2uq(0, t) subject to null Dirichlet boundary condition with p, q ≥ 0, max{p, q} > m >
1, and λ1, λ2 > 0. We investigate interactions among the localized and local sources,
nonlinear diffusion with the zero boundary value condition to establish blow-up rates and
uniform blow-up profiles of solutions under different dominations. In addition, as results
of the interactions of multiple nonlinearities, the blow-up sets of solutions, namely, total
versus single point blow-up of solutions are also determined.
© 2008 Elsevier Ltd. All rights reserved.
1. Introduction
This paper deals with the nonlinear diffusion equation with local and localized sources:{ut = ∆um + λ1up + λ2uq(0, t), (x, t) ∈ Ω × (0, T ),
u(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ),
u(x, 0) = u0(x), x ∈ Ω,
(1.1)
where p, q ≥ 0, λ1, λ2 > 0, and max{p, q} > m > 1,Ω = B1 is the unit ball in RN centered at the origin {x = 0}.
Many of the localized problems arise in applications. Eq. (1.1), as a kind of porous medium equation, can be used to
describe some physical phenomena, such as chemical reactions due to catalysis and an ignition model for a reaction gas
[1–3]. Porous medium equations (m > 1) with or without local sources have been studied by many authors [4–6]. Recently,
nonlinear diffusion equations with localized sources have attractedmore andmoremathematicians (refer to [7,8]). Problem
(1.1) is such a nonlinear diffusion model, where both local and localized sources are included. There has been much more
work devoted to the semilinear case of (1.1) withm = 1 (see [9–12]), for instance, them = 1 case of (1.1) with λ1 = λ2 = 1,
max{p, q} > 1 by Okada and Fukuda [10], and λ1 = 0, λ2 = 1, q > 1 by Souplet [11]. Souplet [11,13,14] explored that
either nonlocal or localized sources may generate global blow-up solutions with some uniform blow-up profiles. For the
localized semilinear problem{ut = ∆u+ λ1up + λ2uq(x∗, t), (x, t) ∈ Ω × (0, T ),
u(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ),
u(x, 0) = u0(x) ≥ 0, x ∈ Ω
(1.2)
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with λ1, λ2, p, q > 0, Ω = BR ⊂ RN , the uniform blow-up profiles and the blow-up sets were studied in [9] and [10,15]
respectively. Recently, Du and Xiang [8] studied the following nonlinear diffusion equation{ut = ∆um + aup · uq(x0, t), (x, t) ∈ Ω × (0, T ),
u(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ),
u(x, 0) = u0(x), x ∈ Ω,
(1.3)
where x0 is a fixed point in a bounded domainΩ ⊂ RN ,m > 1, a, q > 0, p ≥ 0. They proved that (1.3) has global blow-up
solutions with uniformly blow-up profiles whenever p ≤ 1, and presents a single blow-up pattern if p > m. The blow-up
rate estimates were obtained for p > 1 under appropriate initial data.
The purpose of this paper is to study how the interaction between the local and localized sources (up and uq(0, t)) with
nonlinear diffusion and null Dirichlet boundary condition affects the blow-up behavior of solutions in (1.1).We obtain blow-
up rates and, in particular, uniform blow-up profiles of solutions when the localized one dominates the interaction with
q ≥ p. Furthermore, we consider blow-up sets to describe total versus single point blow-up, that there is total blow-up in
(1.1) if p ≤ q+ 1, and a single point blow-up takes place if p > q+ 1 with N = 1.
Since the nonlinear diffusion equation (1.1) is degenerate at u = 0, in general it does not admit classical solutions. The
weak solutions can be defined via an integral equality related to (1.1) with a test function (refer to pp. 23–24 of [6]), for
which there still stands the comparison principle (see Theorem 3, p. 24 of [6], also see [16]).
Throughout this paper, we always assume the large radial initial data u0 satisfies
(A)
u0 ∈ C
2+α(Ω) ∩ C(Ω¯), u0 = u0(r) ≥ 0, u′0(r) < 0 inΩ;
∆um0 + λ1up0 + λ2uq0(0) ≥ 0 with∆um0 ≤ 0 inΩ;
u0 = 0, ∆um0 + λ1up0 + λ2uq0(0) = 0 on ∂Ω.
We will use c and C to denote positive constants independent of t , which may be different from line to line.
This paper is arranged as follows. In the next section, we will establish the blow-up rates and profiles to (1.1). Section 3
dealswith the blow-up sets to show total versus single point blow-up of solutions. Some remarks are given in the last section
to compare themain results of this paper for (1.1)with those for the semilinearmodel (1.2) (studied in [9]) and the nonlinear
diffusion model (1.3) (obtained in [8]) respectively.
2. Blow-up rates and profiles
We begin with blow-up rates of solutions to (1.1). Since max{p, q} > m, the solution of (1.1) blows up in finite time
for large initial data [8,17]. Moreover, by the comparison principle with the assumption (A), we know that u is radially
decreasing in r with max u(·, t) = u(0, t), ut ≥ 0 for inΩ × [0, T ). In the sequel, always denote by T the blow-up time for
(1.1).
Theorem 2.1. Let u be a solution to (1.1), σ = max{p, q} > mwith assumption (A) and large initial data. Then
u(0, t) ≥ c(T − t)− 1σ−1 .
For N = 1, we have moreover
u(0, t) ≤ C(T − t)− 1σ−1 .
Proof. Under the assumption (A) with u0 large, we know u(0, t) = max u(·, t) > 1, and
ut(0, t) ≤ λ1up(0, t)+ λ2uq(0, t) ≤ (λ1 + λ2)uσ (0, t), 0 < t < T ,
which implies u(0, t) ≥ c(T − t)− 1σ−1 .
We use the rescaling technique [18,19] to get the upper bound of the blow-up rate. In particular, we will employ an
method currently developed by Ferreira, Pablo and Rossi [20] (and introduced earlier in [21]). Here the Dirichlet boundary
condition in (1.1) seems little more difficult to treat than the Neumann boundary condition considered in [20].
Fix t ∈ (0, T ), defineM(t) = u(0, t). Let u0(0) > M0 > 1 withM0 to be determined. ThusM(t) = u(0, t) > M0 by (A).
Consider the function
φM(y, s) = 1M u(M
− σ−m2 y,M1−σ s+ t), (y, s) ∈ (−M σ−m2 ,M σ−m2 )× (0, s˜) (2.1)
with s˜ = Mσ−1(T − t), the blow-up time of φM . Obviously, φM satisfies
φMs = (φmM)yy + λ1Mp−σφpM + λ2Mq−σφqM(0, s), (y, s) ∈ (−M
σ−m
2 ,M
σ−m
2 )× (0, s˜),
φM(±M σ−m2 , s) = 0, s ∈ (0, s˜),
φM(y, 0) = 1M u(M
− σ−m2 y, t), y ∈
[
−M σ−m2 ,M σ−m2
]
.
(2.2)
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Consider the case p ≥ q. Then σ = p, and (2.2) becomes
φMs = (φmM)yy + λ1φpM + λ2Mq−pφqM(0, s), (y, s) ∈
(
−M p−m2 ,M p−m2
)
× (0, s˜),
φM(±M p−m2 , s) = 0, s ∈ (0, s˜),
φM(y, 0) = 1M u(M
− p−m2 y, t), y ∈
[
−M p−m2 ,M p−m2
]
.
(2.3)
Construct a subsolution in the form
z(y, s) = (C1 − s)−kA(C2 − ξ)
1
m−1+ , ξ = |y|
2
(C1 − s)l , (2.4)
where k, l, A, C1, C2 > 0 to be determined.
Define
Pz(y, s) = zs − (zm)yy − λ1zp − λ2Mq−pzq(0, s), (y, s) ∈ (−M p−m2 ,M p−m2 )× (0, s˜). (2.5)
A simple computation shows
zs = kA(C1 − s)−(k+1)(C2 − ξ)
1
m−1+ − Alm− 1 (C1 − s)
−(k+1)(C2 − ξ)
2−m
m−1+ ξ,
(zm)yy = 4A
mm
(m− 1)2 (C1 − s)
−(km+l)(C2 − ξ)
2−m
m−1+ ξ − 2A
mm
m− 1 (C1 − s)
−(km+l)(C2 − ξ)
1
m−1+ ,
zp = (C1 − s)−kpAp(C2 − ξ)
p
m−1+ .
By taking k = 1p−1 , l = k(p−m), we have
Pz(y, s) = zs − (zm)yy − λ1zp − λ2Mq−pzq(0, s)
≤ A(C1 − s)−kp(C2 − ξ)
2−m
m−1+
{
k(C2 − ξ)+ − lm− 1ξ
− 4A
m−1m
(m− 1)2 ξ +
2Am−1m
m− 1 (C2 − ξ)+ − λ1A
p−1(C2 − ξ)
p+m−2
m−1+
}
. (2.6)
If 0 ≤ ξ ≤ m−1m C2, then C2 − ξ ≥ 1mC2. It follows from (2.6) that
Pz ≤ A(C1 − s)−kp(C2 − ξ)
2−m
m−1+
{
kC2 + 2A
m−1m
m− 1 C2 − λ1A
p−1
(
1
m
C2
) p+m−2
m−1
}
≤ 0 (2.7)
provided A ≥ max
( (m−1)k2m ) 1m−1 ,
(
4m
p+2m−3
m−1
λ1(m−1) C
− p−1m−1
2
) 1
p−m
.
If ξ ≥ m−1m C2, then (C2 − ξ)+ ≤ 1mC2, and hence (2.6) yields
Pz ≤ A(C1 − s)−kp(C2 − ξ)
2−m
m−1+
{
1
m
kC2 − 4A
m−1
m− 1C2 +
2Am−1C2
m− 1
}
≤ 0 (2.8)
for A ≥
(
(m−1)k
2m
) 1
m−1
.
So, it follows from (2.7) and (2.8) that Pz ≤ 0 in (−M p−m2 ,M p−m2 )× (0, s˜)whenever
A ≥ max

(
(m− 1)k
2m
) 1
m−1
,
(
4m
p+2m−3
m−1
λ1(m− 1)C
− p−1m−1
2
) 1p−m . (2.9)
Clearly, z(±M p−m2 , s) = 0 with C2 = Mp−m0 C−l1 .
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Now, in order to deal with the initial data, consider
w(y, s) = C−k1 A
(
C2 − |y|
2
C1 l
s−α
) 1
m−1
+
s−β , (y, s) ∈ (−M p−m2 ,M p−m2 )× (0, 1)
with k = 1p−1 , l = k(p − m), and C2 = Mp−m0 C−l1 as before, α = 2β = 2m+1 . Let C1 ≥ k(m + 1), Am−1 = m−12m(m+1)Ck(m−1)+l1 ,
andMp−10 ≥ 2m(m+1)m−1
(
4m
p+2m−3
m−1
λ1(m−1)
)m−1
p−m
. A direct computation gives
Pw(y, s) = ws − (wm)yy − λ1wp − λ2Mq−pwq(0, s)
≤
(
C2 − |y|
2
C1 l
s−α
) 2−m
m−1
+
|y|2s−(α+1+β)
(
Aα
m− 1C
−(k+l)
1 −
4mAm
(m− 1)2 C
−(km+2l)
1
)
+
(
C2 − |y|
2
C1 l
s−α
) 1
m−1
+
s−(1+β)
(
−AβC−k1 +
2mAm
m− 1C
−(km+l)
1
)
≤ 0, (y, s) ∈
(
−M p−m2 ,M p−m2
)
× (0, 1). (2.10)
Furthermore, w(±M p−m2 , s) = 0 by C2 = Mp−m0 C−l1 and 0 ≤ s ≤ 1. In addition, w(y, 0) = lims→0+ AC−k1(
C2 − |y|2C1 l s
−α
) 1
m−1
+
s−β = 0 for y ∈ (−M p−m2 ,M p−m2 ). Therefore, by the comparison principle, we arrive at that φM(y, s) ≥
w(y, s) for 0 ≤ s ≤ 1. By virtue of w(y, 1) = z(y, 0), we have φM(y, s + 1) ≥ z(y, s). Moreover, the blow-up time of φM
satisfies s˜ ≤ 1+ C1, where C1 is independent ofM . This impliesMp−1(T − t) ≤ 1+ C1, namely, u(0, t) ≤ C(T − t)−
1
p−1 .
The case of q > p can be proved in a similar way. 
Next we will show that in the situation of localized source dominating (q > p), or for even the balance case with p = q,
the model (1.1) admits some uniform blow-up profiles. That is the following theorem.
Theorem 2.2. Let u be a blow-up solution of (1.1) under the assumption (A). Then the following limits hold on any compact
subset of Ω .
(i) For q > p, we have
lim
t→T(T − t)
1
q−1 u(x, t) = ((q− 1)λ2)
1
1−q .
(ii) For q = p, 2r < p ≤ 2r+1, λ2 ≥ (2r+1 − 1)λ1, with r ∈ N, we have
lim
t→T(T − t)
1
p−1 u(x, t) = ((p− 1)(λ1 + λ2))
1
1−p for p ∈ (2r , 2r+1),
lim
t→T | ln(T − t)|
−1 ln u(x, t) = (p− 1)−1 for p = 2r+1.
The theorem will be proved via a series of lemmas.
Denote
F(t) =
∫ t
0
up(0, s)ds, G(t) =
∫ t
0
uq(0, s)ds. (2.11)
Lemma 2.1. Let u be a solution of (1.1) under the assumption (A). Then
u(x, t) ≤ λ1F(t)+ λ2G(t)+ ‖u0‖∞, (x, t) ∈ Ω¯ × [0, T ). (2.12)
Proof. Define
w¯(t) = λ1F(t)+ λ2G(t)+ ‖u0‖∞.
Then
w¯t −∆w¯m = λ1up(0, t)+ λ2uq(0, t) ≥ λ1up(x, t)+ λ2uq(0, t) = ut −∆um
with w¯(0) = ‖u0‖∞ ≥ u0(x), and w¯(t) ≥ 0 = u(x, t) on ∂Ω × (0, T ). By the comparison principle, we know w¯ ≥ u,
namely, (2.12) is true. 
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As a corollary of Lemma 2.1, we know that
lim
t→T G(t) = ∞ (2.13)
for the blow-up solution uwith q ≥ p.
Lemma 2.2. Let u be a blow-up solution of (1.1) under (A) with q > p. Then
lim
t→T(T − t)
1
q−1 u(x, t) = ((q− 1)λ2)
1
1−q
uniformly on any compact subset of Ω .
Proof. Since∆um(0, t) ≤ 0 by u(0, t) = max u(·, t), it follows that
ut(0, t) ≤ λ1up(0, t)+ λ2uq(0, t), 0 < t < T . (2.14)
Integrate (2.14) over (0, t) to get
u(0, t)− u0(0) ≤ λ1
∫ t
0
up(0, s)ds+ λ2
∫ t
0
uq(0, s)ds, 0 < t < T ,
which implies
lim sup
t→T
u(0, t)
λ1
∫ t
0 u
p(0, s)ds+ λ2G(t)
≤ 1. (2.15)
Due to (2.13) with max{p,m} < q, we know
lim
t→T
∫ t
0 u
p(0, s)ds
G(t)
= 0, lim
t→T
∫ t
0 u
m(0, s)ds
G(t)
= 0, (2.16)
which with (2.15) imply
lim sup
t→T
u(0, t)
λ2G(t)
≤ 1. (2.17)
Let λ0 and ϕ0 be the first eigenvalue and the corresponding eigenfunction of −∆ with the homogeneous Dirichlet
boundary condition
−∆ϕ = λϕ inΩ; ϕ = 0 on ∂Ω,
normalized by
∫
Ω
ϕ0(x)dx = 1. Multiplying both sides of Eq. (1.1) by ϕ0, and then integrating over Qt = Ω × (0, t) for
0 < t < T , we obtain∫
Ω
uϕ0dx−
∫
Ω
u0ϕ0dx = −λ0
∫∫
Qt
umϕ0dxds+ λ1
∫∫
Qt
upϕ0dxds+ λ2
∫∫
Qt
uq(0, s)ϕ0dxds
= −λ0
∫∫
Qt
umϕ0dxds+ λ1
∫∫
Qt
upϕ0dxds+ λ2G(t). (2.18)
It follows from (2.16) that
lim
t→T
∫∫
Qt
upϕ0dxds
G(t)
= 0, lim
t→T
∫∫
Qt
umϕ0dxds
G(t)
= 0.
Thus, by (2.18),
lim inf
t→T
u(0, t)
λ2G(t)
≥ lim
t→T
∫
Ω
uϕ0dx
λ2G(t)
= 1. (2.19)
Due to (2.17) and (2.19), we conclude
lim
t→T
u(0, t)
λ2G(t)
= 1, (2.20)
and denoted by
u(0, t)
λ2G(t)
∼ 1, t → T . (2.21)
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Due to (2.11), it follows from (2.21) that
G′(t)
λ
q
2Gq(t)
∼ 1, t → T . (2.22)
Integrate (2.22) to get
G(t) ∼ (q− 1)− 1q−1 λ−
q
q−1
2 (T − t)−
1
q−1 , t → T . (2.23)
Combining (2.21) with (2.23), we obtain
u(0, t) ∼ (λ2(q− 1))
1
1−q (T − t)− 1q−1 , t → T . (2.24)
On the other hand, by (2.19) and (2.20),
lim
t→T
∫
Ω
uϕ0dx
u(0, t)
= 1,
and hence
lim
t→T
u(x, t)
u(0, t)
= 1 for a.e. x ∈ Ω
due to
∫
Ω
ϕ0dx = 1. Since ur ≤ 0, we have furthermore
lim
t→T
u(x, t)
u(0, t)
= 1, x ∈ Ω. (2.25)
The lemma is proved by combining (2.24) and (2.25). 
The next lemma will be used to treat the balance case with p = q.
Lemma 2.3. Let u be a blow-up solution of (1.1) under (A) with p ≤ q+ 1. Then the blow-up set of u is the whole domainΩ .
Proof. By Theorem 2.1, u(0, t) ≥ c(T − t)− 1σ−1 with σ = max{p, q}. Consider the auxiliary problemzt = ∆z
m + λ2cq(T − t)− qσ−1 , (x, t) ∈ Ω × (0, T ),
z(x, t) = 0, (x, t) ∈ ∂Ω × (0, T ),
z(x, 0) = u0(x), x ∈ Ω.
(2.26)
Consequently, u and z share the same blow-up time T , with u ≥ z in QT by the comparison principle. Letw(x, τ ) = zm(x, t),
τ = mt . Then (2.26) becomeswτ = w
m−1
m (∆w + λ2cq1(T ∗ − τ)−
q
σ−1 ), (x, τ ) ∈ Ω × (0, T ∗),
w(x, τ ) = 0, (x, τ ) ∈ ∂Ω × (0, T ∗),
w(x, 0) = zm0 (x), x ∈ Ω
(2.27)
with T ∗ = mT . It is known from (4.15) in [7] thatw satisfies
lim
t→T
mw
1
m (x, τ )
λ2G1(t)
= 1, (2.28)
uniformly on any compact subset of Ω , where G1(t) = cq1
∫ τ
0 (T
∗ − s)− qσ−1 ds → ∞ due to σ ≤ q + 1. By (2.28) with
u ≥ z = w 1m , we obtain that the solution u of (1.1) is total blow-up when p ≤ q+ 1. 
Lemma 2.4. Let u be a blow-up solution of (1.1) under the assumption (A). If q = p, 2r < p ≤ 2r+1, λ2 ≥ (2r+1 − 1)λ1, with
r ∈ N, then
lim
t→T(T − t)
1
p−1 u(x, t) = ((p− 1)(λ1 + λ2))
1
1−p for p ∈ (2r , 2r+1),
lim
t→T | ln(T − t)|
−1 ln u(x, t) = (p− 1)−1 for p = 2r+1
uniformly on any compact subset of Ω .
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Proof. For p = q, (2.14) becomes
ut(0, t) ≤ (λ1 + λ2)up(0, t), 0 < t < T ,
which implies
lim sup
t→T
u
2r+1−p
2r+1 (0, t)∫ t
0 u
(2r+1−1)p
2r+1 (0, s)ds
≤ 2
r+1 − p
2r+1
(λ1 + λ2) for p ∈ (2r , 2r+1), (2.29)
lim sup
t→T
ln u(0, t)∫ t
0 u
2r+1−1(0, s)ds
≤ λ1 + λ2 for p = 2r+1. (2.30)
Thus,
lim
t→T
∫ t
0
u
(2r+1−1)p
2r+1 (0, s)ds = ∞, 2r < p ≤ 2r+1. (2.31)
From (1.1) with p = q and λ2 ≥ (2r+1 − 1)λ1, we have
ut = ∆um + λ1up + λ1up(0, t)+ (λ2 − λ1)up(0, t)
≥ ∆um + 2λ1u p2 · u p2 (0, t)+ (2r+1 − 2)λ1up(0, t)+ [λ2 − (2r+1 − 1)λ1]up(0, t)
≥ ∆um + 2r+1λ1u
p
2r+1 · u (2
r+1−1)p
2r+1 (0, t)+ [λ2 − (2r+1 − 1)λ1]up(0, t)
≥ ∆um + (λ1 + λ2)u
p
2r+1 · u (2
r+1−1)p
2r+1 (0, t) (2.32)
for (x, t) ∈ Ω × (0, T ). Since
u−l∆um = m
m− l∆u
m−l + lmum−l−2|∇u|2, 0 < l < m,
it follows from (2.32) with l = p
2r+1 that
u−
p
2r+1 ut ≥ mm− p
2r+1
∆um−
p
2r+1 + (λ1 + λ2)u
(2r+1−1)p
2r+1 (0, t). (2.33)
The inequality (2.33) yields
∂u
2r+1−p
2r+1
∂t
≥ (2
r+1 − p)m
2r+1(m− p
2r+1 )
∆um−
p
2r+1 + (λ1 + λ2)2
r+1 − p
2r+1
u
(2r+1−1)p
2r+1 (0, t) for 2r < p < 2r+1, (2.34)
∂ ln u
∂t
≥ m
m− 1∆u
m−1 + (λ1 + λ2)u2r+1−1(0, t) for p = 2r+1. (2.35)
Multiplying (2.34) by ϕ0, and integrating overΩ × (0, t), we know∫
Ω
u
2r+1−p
2r+1 ϕ0dx−
∫
Ω
u
2r+1−p
2r+1
0 ϕ0dx ≥ −λ0
(2r+1 − p)m
2r+1m− p
∫ t
0
∫
Ω
u
2r+1m−p
2r+1 ϕ0dxds
+ (λ1 + λ2)2
r+1 − p
2r+1
∫ t
0
u
(2r+1−1)p
2r+1 (0, s)ds. (2.36)
Since
∫ t
0
∫
Ω
u
2r+1m−p
2r+1 ϕ0dxds ≤
∫ t
0 u
2r+1m−p
2r+1 (0, s)ds, it follows from (2.31) with max{m, 2r} < p < 2r+1 that
0 ≤ lim sup
t→T
∫ t
0
∫
Ω
u
2r+1m−p
2r+1 ϕ0dxds∫ t
0 u
(2r+1−1)p
2r+1 (0, s)ds
≤ lim
t→T
∫ t
0 u
2r+1m−p
2r+1 (0, s)ds∫ t
0 u
(2r+1−1)p
2r+1 (0, s)ds
= 0. (2.37)
We have from (2.36) and (2.37) that
lim inf
t→T
∫
Ω
u
2r+1−p
2r+1 ϕ0dx∫ t
0 u
(2r+1−1)p
2r+1 (0, s)ds
≥ (λ1 + λ2)2
r+1 − p
2r+1
. (2.38)
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By Lemma 2.3, there exists t1 ∈ (0, T ) such that u(x, t1) ≥ ϕ0(x) on Ω¯ , and hence limx→∂Ω ϕ0 ln u(x, t1) = 0, namely,
ϕ0 ln u(x, t1) is not singular on ∂Ω . Multiplying (2.35) by ϕ0, and integrating overΩ × (t1, t), we get∫
Ω
ϕ0 ln udx ≥
∫
Ω
ϕ0 ln u(x, t1)dx− λ0 mm− 1
∫ t
t1
∫
Ω
um−1ϕ0dxds+ (λ1 + λ2)
∫ t
t1
u2
r+1−1(0, s)ds. (2.39)
By (2.39) withm < p = 2r+1, we obtain
lim inf
t→T
∫
Ω
ϕ0 ln udx∫ t
0 u
2r+1−1(0, s)ds
≥ λ1 + λ2. (2.40)
So, by (2.38) and (2.40), it holds that
lim inf
t→T
u
2r+1−p
2r+1 (0, t)∫ t
0 u
(2r+1−1)p
2r+1 (0, s)ds
≥ 2
r+1 − p
2r+1
(λ1 + λ2), 2r < p < 2r+1,
lim inf
t→T
ln u(0, t)∫ t
0 u
2r+1−1(0, s)ds
≥ λ1 + λ2, p = 2r+1.
Combining with (2.29) and (2.30), we obtain
lim
t→T
u
2r+1−p
2r+1 (0, t)∫ t
0 u
(2r+1−1)p
2r+1 (0, s)ds
= 2
r+1 − p
2r+1
(λ1 + λ2), 2r < p < 2r+1, (2.41)
lim
t→T
ln u(0, t)∫ t
0 u
2r+1−1(0, s)ds
= λ1 + λ2, p = 2r+1, (2.42)
and consequently,
lim
t→T(T − t)
1
p−1 u(0, t) = ((p− 1)(λ1 + λ2))−
1
p−1 for p ∈ (2r , 2r+1), (2.43)
lim
t→T | ln(T − t)|
−1 ln u(0, t) = (p− 1)−1 for p = 2r+1. (2.44)
By (2.41) and (2.42), we derive
lim sup
t→T
∫
Ω
u
2r+1−p
2r+1 ϕ0dx∫ t
0 u
(2r+1−1)p
2r+1 (0, s)ds
≤ (2
r+1 − p)(λ1 + λ2)
2r+1
, 2r < p < 2r+1, (2.45)
lim sup
t→T
∫
Ω
ϕ0 ln udx∫ t
0 u
2r+1−1(0, s)ds
≤ λ1 + λ2, p = 2r+1. (2.46)
It follows from (2.38), (2.40), (2.45) and (2.46) that
lim
t→T
∫
Ω
u
2r+1−p
2r+1 ϕ0dx∫ t
0 u
(2r+1−1)p
2r+1 (0, s)ds
= (2
r+1 − p)(λ1 + λ2)
2r+1
, 2r < p < 2r+1, (2.47)
lim
t→T
∫
Ω
ϕ0 ln udx∫ t
0 u
2r+1−1(0, s)ds
= λ1 + λ2, p = 2r+1. (2.48)
Proceeding as in Lemma 2.2, by (2.47) and (2.48), we obtain
lim
t→T
u(x, t)
u(0, t)
= 1 for x ∈ Ω, if max{m, 2r} < p < 2r+1,
lim
t→T
ln u(x, t)
ln u(0, t)
= 1 for x ∈ Ω, ifm < p = 2r+1,
which with (2.43) and (2.44) give the required uniform blow-up profiles. 
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3. Blow-up sets
In this section we study the blow-up sets for (1.1). We will prove the following theorem on total versus single point
blow-up of solutions under different dominations.
Theorem 3.1. (i) If p ≤ q+ 1, the solution of (1.1) is total blow-up. (ii) If p > q+ 1with N = 1, the solution of (1.1) is single
point blow-up.
Proof. The total blow-up of solutions to (1.1) under p ≤ q+ 1 is a direct result of Lemma 2.3.
Now consider the case of p > q+1withN = 1. Under the transformation um(x, t) = v(x, τ )with τ = mt , (1.1) becomes{
vτ = vr(∆v + λ1vp1 + λ2vq1(0, τ )), (x, τ ) ∈ Ω × (0, T ∗),
v(x, τ ) = 0, (x, τ ) ∈ ∂Ω × (0, T ∗),
v(x, 0) = um0 (x), x ∈ Ω,
(3.1)
where 0 < r = m−1m < 1, p1 = pm > 1, q1 = qm > 0, T ∗ = mT . By Theorem 2.1, we know
v(0, τ ) ≤ C(T ∗ − τ)− 1r+p1−1 .
Let F(τ ) = λ2
∫ τ
0 v
q1(0, s)ds, then F(τ ) ≤ λ2
∫ τ
0 C(T
∗ − s)−
q1
r+p1−1 ds ≤ M due to p > q+ 1.
It suffices to show that v blows up only at x = 0. We follow the technique in [22] by Friedman and McLeod. Suppose on
the contrary, that v blows up at another point x0 ∈ (0, 1) as τ → T ∗. Then v →∞ as τ → T ∗ for x ∈ [0, x0].
Set 0 < δ < η < x0 and K0 = (δ, η). Since v blows up uniformly on K¯0 and F(τ ) is bounded for τ ∈ [0, T ∗), there exists
τ1 ∈ (0, T ∗) such that
v(x, τ ) > 1, v(x, τ )− vrF(τ ) > 0, (x, τ ) ∈ K0 × [τ1, T ∗). (3.2)
Define
J(x, τ ) = vx + D(x)(v − vrF(τ ))p0 , (x, τ ) ∈ K0 × [τ1, T ∗), (3.3)
where 1 < p0 < p1, D(x) = ε sin(µ(x − δ)) with µ = piη−δ and ε > 0 to be chosen (refer to [10]). A direct computation
shows
Jτ − vr Jxx ≤
{
λ1p1vr+p1−1 − 2p0D′(x)vr(v − vrF)p0−1 + 2rp0D′(x)Fv2r−1(v − vrF)p0−1
} (
J − D(x)(v − vrF)p0)
−D′′(x)vr(v − vrF)p0 + p0λ1D(x)vr+p1(v − vrF)p0−1.
Put
λ1p1vr+p1−1 − 2p0D′(x)vr(v − vrF)p0−1 + 2rp0D′(x)Fv2r−1(v − vrF)p0−1 = b.
Noticing 0 < |D′(x)| ≤ εµ, we get
Jτ − vr Jxx − bJ ≤ −λ1p1D(x)vr+p1−1(v − vrF)p0 + 2p0D(x)D′(x)vr(v − vrF)2p0−1
− 2rp0D(x)D′(x)Fv2r−1(v − vrF)2p0−1 − D′′(x)vr(v − vrF)p0 + λ1p0D(x)vr+p1(v − vrF)p0−1
= −D(x)vr(v − vrF)p0−1
{
λ1p1vp1−1(v − vrF)− 2p0D′(x)(v − vrF)p0
+ 2rp0D′(x)Fvr−1(v − vrF)p0 + D
′′(x)
D(x)
(v − vrF)− λ1p0vp1
}
≤ −D(x)vr(v − vrF)p0−1 {λ1(p1 − p0)vp1 − p1λ1vr+p1−1F
− 2p0εµ(v − vrF)p0 − 2rp0εµvr−1F(v − vrF)p0 − µ2(v − vrF)
}
≤ 0 (3.4)
provided p0 < p1, for (x, τ ) ∈ K0 × [τ2, T ∗)with τ2 close to T ∗. Moreover, the the monotonicity of u ensures
J(x, τ ) = vx(x, τ ) < 0 on ∂K0 × [τ1, T ∗). (3.5)
Let τ0 = max{τ1, τ2}. Then
J(x, τ0) = vx(x, τ0)+ D(x)(v(x, τ0)− vr(x, τ0)F(τ0))p0
≤ max
x∈K¯0
vx(x, τ0)+ εmax
x∈K¯0
(
v(x, τ0)− vr(x, τ0)F(τ0)
)p0 < 0 (3.6)
for x ∈ K0 with ε > 0 sufficiently small.
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Applying the maximum principle to (3.4)–(3.6) yields
J(x, τ ) ≤ 0, (x, τ ) ∈ K¯0 × [τ0, T ∗), (3.7)
namely,
vx + D(x)vrp0(v1−r − F(τ ))p0 ≤ 0, (x, τ ) ∈ K¯0 × [τ0, T ∗). (3.8)
Since v(x, τ ) > 1 and p0 > 1, we have by (3.8) that vx + D(x)vr(v1−r − F(τ ))p0 ≤ 0, or equivalently,
−vxv−r(v1−r − F(τ ))−p0 ≥ D(x), (x, τ ) ∈ K¯0 × [τ0, T ∗). (3.9)
Integrating (3.9) from δ to η yields
0 <
∫ η
δ
D(x)dx ≤ 1
1− r
1
p0 − 1 (v
1−r(η, τ )− F(τ ))1−p0 .
This is impossible since p0 > 1, 0 < r < 1 and v(η, τ )→∞ as τ → T ∗. 
4. Discussion
In this section, let us compare the results of the paper with those of previous work for such as the models (1.2) and (1.3).
We deal with nonlinear diffusionm > 1 (slow diffusion in fact) in (1.1) rather than that in the semilinear model (1.2) [9].
Though the uniform blow-up profiles of solutions are obtained both with p ≤ q for (1.1) and (1.2), the methods for proving
them in the balance case of p = q = 2r+1 are different. It can be found that we need the total blow-up conclusion with
p = q = 2r+1 in (1.1) for the uniform blow-up profile, which is unnecessary for that in (1.2). It is also mentioned that, due
to the nonlinear diffusion in (1.1), we obtain the uniform blow-up profile in Theorem 2.2 (Lemma 2.4) for ln u (rather than u
itself, see (2.42)) only under this case. Moreover, although the nonlinear diffusion mechanism in (1.1) does effect the blow-
up criterion, the blow-up time T as well as the initial data required for the blow-up of solutions, it has no contribution to the
blow-up rate. In fact, the twomodels (1.1) and (1.2) share the same form of blow-up rates (T − t)− 1σ−1 with σ = max(p, q).
Next consider (1.3), with the localized source of the product form up · uq(x0, t) in [8]. Firstly, p = 1 is the ‘‘cut-off
straight line’’ for (1.3) with or without uniformly blow-up profiles regardless how large the exponent q is, while the cut-off
straight line is p = q for the model (1.1) with the sum form source up + uq(0, t), where the balance case p = q belongs the
uniform blow-up situation also under certain conditions. Secondly, the blow-up rate in (1.3) is (T− t)− 1p+q−1 , for which both
p and q have positive contributions, while in (1.1) the blow-up rate (T − t)− 1σ−1 with σ = max(p, q) is determined by the
dominatingmember of the source only. In addition, we distinguish between total and single point blow-up to (1.1) bymeans
of a complete classification for the parameters p and q that when p > q+ 1 (the local member up of the source dominates
the model), then x = 0 is the unique blow-up point; while when p ≤ q + 1 (the localized member uq(0, t) playing the
leading role), there will be a total blow-up. For the model (1.3) it was proved in [8] that there is a total blow-up whenever
p ≤ 1, and there takes place the single point blow-up if p > m, where the classification of parameters is incomplete
with the case 1 < p ≤ m open. Finally, the method used to establish the upper bound estimate of the blow-up rate for
(1.1) in this paper is different from the general one as used for (1.3) in [8]. To overcome the difficulty from the nonlinear
diffusion mechanism in (1.1), here we employ the significant technique developed by Ferreira et al. [20,21], namely, at first
we establish an estimate to the blow-up time for an auxiliary problem (2.2) via combining the rescaling technique with the
super-sub solution method, and then obtain the desired blow-up rate estimate for the original problem (1.1). It should be
pointed out that the super-sub solution method cannot used to prove blow-up rates of solutions directly, since generally
it is impossible that the solutions share the same blow-up time with the super and subsolutions. By the way, the upper
bound estimate of blow-up rates for (1.3) requires the assumption (A4) in [8], under which the initial data should satisfy
∆vm0 + avp0 · vq0(x0) − δvp+q0 ≥ 0 with δ > δ0 = (a(p + q − 1)/(m − 1))((q + m − 1)/(p + 2q − 1))(p+2q−1)/(p+q−1) > 0.
The existence of such v0 is unclear for the parameters p, q andm considered there.
Furthermore, we point out that Theorem 2.2 answers the uniform blow-up profiles just for p < q or p = q with λ2
large, while the total blow-up occurs under the wider range of p ≤ q + 1 by Theorem 3.1(i) (Lemma 2.3). For the region
q < p ≤ q+ 1 we get the blow-up rate (T − t)− 1p−1 at the maximum point x = 0 only by Theorem 2.1. On the other hand,
we know some lower bound estimates that
u(x, t) ≥ c(T − t)− q+1−pp−1 for q < p < q+ 1,
u(x, t) ≥ c ln(T − t)−1 for p = q+ 1
hold uniformly on compact subsets of Ω by (2.28) in the proof of Lemma 2.3. So, it would be interesting to make clear
whether the blow-up rates at x 6= 0 for q < p ≤ q + 1 (which is contained in the total blow-up range p ≤ q + 1) are
different from that at the maximum point x = 0 of solutions, and even x-dependent. In particular, when p = q (the balance
case between the local and localized sources), the uniform profile established in Theorem 2.2(ii) relies on a large coefficient
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of the localized term that λ2 ≥ (2r+1 − 1)λ1 with 2r < p ≤ 2r+1, although the total blow-up occurs even for small λ2
by Lemma 2.3. Notice that the uniform blow-up profile requires not only the uniform blow-up rate, but also the uniform
coefficients in the related estimates. It seems that the x-independent coefficients would not be valid if p = qwith λ2 smaller.
Finally, this paper considers radial solutions of (1.1) only with the localized point at the center of the radial domain.
If the related reaction term is localized at other points, there would be some different conclusions. It was shown for the
semilinear case (1.2) that if x∗ 6= 0, p = q is the cut-off straight line between total blow-up occurs and does not occur;
if x∗ = 0, p = q + 1 is the cut-off straight line between single point blow-up occurs and does not occur (see Remark 1.7
in [15]). We feel that analogous phenomena for blow-up sets would happen to (1.1).
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